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1 Introduction 

We define the group of Hamiltonian automorphisms of a star product. It is 
a deformation of the group of Hamiltonian diffeomorphisms of a symplectic 
manifold in the framework of formal deformation quantization. We also study 
the geometric properties of this group. 
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The group Hani(M, w) of Hamiltonian diffeomorphisms is a normal sub¬ 
group of Sympg(M, w) the connected component of the group of all symplec- 
tomorphisms of a symplectic manifold (M, w). Banyaga [T] showed that the 
group Ham(M, w) is the kernel of a morphism defined on Sympg(M, w) with 
values in ^(M)/r(M, w) where is the first de Rham cohomol¬ 

ogy group with compact support and r(M, w) is the so-called Flux group. He 
used this characterisation to prove that the group Ham(M, w) is simple when 
the manifold is closed, extending the results of Thurston on volume preserving 
diffeomorphisms to the symplectic case. Observing that the group r(M, w) is 
at most countable, he proved that the Lie algebra of Ham(M, w) is the space of 
compactly supported Hamiltonian vector fields. In 2006, Ono [13] showed that 
r(M, w) is discrete when the manifold (M, w) is closed; this proved the famous 
Flux conjecture which states that Ham(M, w) is C^-closed in Sympg(M, w). 

A similar approach in the framework of deformation quantization (* product) 
on a symplectic manifold leads as a first step to the study of the group of 
Hamiltonian automorphisms of a star product. 

To avoid technical difficulties we will assume throughout the paper that 
(M, w) is a closed symplectic manifold. Let * be a star product on (M, w). 
Hamiltonian automorphisms are the solutions of the Heisenberg equation 

= DHtA^ := —[iL(, with initial condition Aq = Id, (1) 

where Dnt is a smooth family of quasi-inner derivations. We then set 

Ham(M, +) := {A = A^ for such Dnt}- (2) 

Our first observation is that Ham(M, *) is a normal subgroup of Autg(M, *) the 
group of automorphisms of the star product deforming Sympg(M, to). The group 
Ham(M, =i=) comes with an anti-epimorphism Cl : Ham(M, =i=) —>■ Ham(M, w). 

We prove that Ham(M, *) is the kernel of a morphism defined on Auto(M, =i=). 
More precisely, we define a formal version of the flux morphism denoted by Flux* 
and we obtain : 

Theorem 1. There is a short exact sequence of groups 

1 ^ Ham(M, *) ^ Auto(M, *) 4 ^ 1, 

where -F(A) := Flux*({At}) for any smooth path in Auto(M, *) joining A to 
the identity and T(M, *) := Flux*(7ri(Autg(M, *))) where 7ri(Autg(M, *)) is the 
subgroup ofAuto{M,*) consisting of classes of smooth loops of automorphisms. 

Next, we observe that r(M, *) is the image of a morphism 

Fluxrfg^ : 7ri(Sympo(M,a;)) ^ 

The values of Flux^^j only depend on the equivalence class of the star product. 
We give a condition on the group Flux^gj(7ri(Ham(M, w))) which ensures that 
the Lie algebra of Ham(M, *) is the space of quasi-inner derivations. We gives 
examples of this situation. 

In section [51 using the Fedosov construction of star product, we give an 
explicit expression of the deformed flux in terms of the characteristic 2-form 
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parametrizing the star product. This works on nice elements of 7ri(Sympg(M, w)). 
Consider *n.v a Fedosov’s star product obtained with the help of a symplectic 
connection V and a series of closed 2-forms il, we obtain : 

Theorem 2. Let {ipt\ be a loop of symplectomorphisms generated by the sym- 
plectie vector field Xt such that ip^Ll = LI and = V. Then, the deformed 

flux of {ift} defined with the star product *n,v is 


({(/?(}) = ^ [i{Xt)uj]dt 


ip^i(Xt)Ltdt 


(3) 


Acknowledgement 

The results in this paper come form my Ph.D. Thesis m and I warmly thank 
my advisors Simone Gutt, Frederic Bourgeois and Michel Cahen. This work 
benefited from a grant from the Fond National de la Recherche Scientifique 
in Belgium. It was also supported by an Action de Recherche Concentree of 
the Communaute Frangaise de Belgique and the Interuniversity Attraction Pole 
“Dynamics, Geometry and Statistical Physics" network. 


2 Star products, derivations and automorphisms 

In this section, we recall the definitions and basic properties of star products on 
symplectic manifolds that we need in this paper. 

Let {M,uj) be a symplectic manifold. The space C'^{M) of real valued 
smooth functions is naturally endowed with a Poisson bracket : 

{F,G} = -uj{Xf,Xg), yF,G€ C°°{M) 

where Xp is a Hamiltonian vector field on M, that is i{Xp)u! := dF. 

A star product on {M,oj) is a K[[z/]]-bilinear associative law on the space 
of formal series of smooth functions : 

OO 

* : (C°°(M)[[iz]])2 ^ G“(M)[[i/]] . (^h,K) ^ H * K ■='^p'^CriH,K) 

r—0 

where the C^’s are bidifferential operators null on constants such that for all 
H,K e C°°{M)[[v]] : Cq{H,K) = HK and Ci{H,K) - Ci{K,H) = {H,K). 
It is a result of De Wilde-Lecomte [5] , Fedosov |2] and Omori-Yoshioka-Maeda 
m that all symplectic manifolds admit a star product. Two star products * 
and *' are equivalent if there exists a formal power series T of K.[[z/]]-linear 
differential operators 


T = Id + ^ z/’T, : G“ (M) [M] ^ (M) [[z/]] 

r— 1 

such that for all F,G G G°°(M)[[i/]], we have : T{F*G) = TF*'TG. Star prod¬ 
ucts on symplectic manifolds are classified up to equivalence by 
see for example [3]. 
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2.1 Derivations 

At the classical level, a derivation of the Poisson algebra of a symplectic manifold 
is a symplectic vector field, that is a vector field X on M such that = 0. 

Now, we fix a star product * on the symplectic manifold (M, w). A deriva¬ 
tion of the star product is a K[[^]]-linear map D : C°°{M)[[iy]] i-)- 
such that 

D{F *G) = DF*G + F* DG. 

We denote by Dei{M, *) the space of derivations. It is a Lie algebra for the 
commutator of derivations. 

A derivation is called quasi-inner if it is of the form Dh{F) := i[iL, A]*, 
for all F e for some H € G°^{M)[[v]]. We denote by qInn(M, *) 

the space of quasi-inner derivations. It is an ideal of Der(A/, *). 

Derivations of the star product are in bijection with formal series of sym¬ 
plectic vector fields on M, the last space will be denoted by ©ymp(M, 

p : Der(M, *) —>■ 6ymp(M, : D i->- p{D), 

such that on a contractible open set U : 

i{p{D))uj\u = dHu with DF\u = ^[Hu,F]^. 
for some Hu € G^{U)[[v]]. 

Proposition 2.1. Let {M,ui) be a sympleetic manifold endowed with a star 
product *. Then, 

1. p{D) = Do -I- v{...) where D = ^ Der(M, *). Moreover, D = 

Dp € qInn(M, *) for F € C'°“(M)[[z/]] if and only if p{D) = Xp with 
i{Xp)uj = dF formally in v. 

2. Let D, D' G Der(M, *), then [D, D'] € qInn(M, *). 

3. If Dp and Dq are quasi-inner derivations, we have [Dp,Dg] = Di^pQ^^. 

2.2 Automorphisms 

From now on, we will assume that the symplectic manifold (M, ui) is closed. 
At the classical level, smooth one parameter families of symplectic vector fields 
integrate to families of symplectomorphisms. Recall that a symplectomorphism 
is a diffeomorphism cj) : M ^ M such that (l)*uj = uj. 

We indicate below how to “exponentiate” a family of derivations into a family 
of automorphisms. This is analogous to what have been done in [7] and |16) . 

An automorphism of the star product is a R[[i/]]-linear bijection A : 
G°°{M)[[v]] ^ G°°iM)[[v]], such that 

A{F *G) = AF* AG. 

The group Aut(M, *) of all automorphisms of the star product projects onto 
the group of symplectomorphisms, denoted by Symp(M, w). Indeed, if A = 
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G Aut(M, *), then Aq := ip* for some ip G Symp(M, w). Hence, the 
map classical limit defined by 

Cl : Aut(M, *) —5> Symp(M, w) : Ai-^ ip 

is an anti-homomorphism of group. If A G Cl~^(/d), then there exists D G 
*) such that A = exp(Z?). 

Definition 2.2. The subgroup Auto(M, *) o/Aut(M, *), is defined to be 
Cl~^(SympQ(M,w)), where SympQ(M,a;) is the identity component (for the 
compact-open C°°-topology) of the group of symplectic diffeomorphisms. 

Definition 2.3. Let I be an interval in R. A one-parameter family of deriva¬ 
tions Dt = ^r,t G Dero(M, *) for t € I is called smooth if for all 

F G C°°(M) we have DfiF) G x M)[[v]], 

Remark 2.4. Using the bijection p : Der(M, *) —>• ©ymp(M, a;)[[z/]] defined in 
the above Subsection [O one sees that a one-parameter family of derivations 
Dt is smooth if the coefficients of p{Dt) are smooth one parameter families of 
symplectic vector fields, where ©ymp(M, uj) is endowed with the compact-open 
C^-topology. 

Proposition 2.5. Let Dt = be a smooth one-parameter family of 

derivations. Then there exists a unique family of automorphisms 1At defined 
for all t such that 

j^AtH = DtAtH, VH G C°“(M)[M], (4) 

with the initial condition AqH = FI for all FI G 

Moreover, if the derivation D does not depend on the time t, then the family 
At is a one-parameter subgroup of automorphisms and D o At = At o D. 

Finally, when Dt G ^Dero(M, *), then the solution At of the equation m is 
the formal exponential At = exp(J’g Dgds), the integral D^ds is the derivation 
F^f^Ds{F)ds. 

Proof. Let FI G we will show that there exists a unique family 

H{t) G C'°“(M)[[z/]] such that 

j^H{t) = DtH{t) (5) 

and iJ(0) = H. 

Let ipt be the one-parameter family of symplectomorphisms generated by 
—Dtfi, the opposite of the zeroth order term of Dt. It means = ~Tt^t,o 
and (pQ = Id. Then, if H{t) satisfies ([S]), we have 

j^T*tH{t) = -<p*tDt,oH{t) + p^*tDtH{t) = q^*tbtH{t). ( 6 ) 

where Dt := Dt — Dtp. After integration with respect to t, we get 

ip*tH{t) = H+ [ ip*bsH{s)ds. (7) 

Jo 
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Now the equation ([7]) can be solved by induction on the degree in v and the 
solution is unique. Set At : C°^{M)[[v]] C°^{M)[[y]] : H ^ H{t). 

It remains to show that At is an automorphism of star product. For this, 
consider the two expressions AtH * AtK and At{H * K). They are equal for 
t = 0 and are both solutions of equation © for all t. Then, by uniqueness of 
the solutions of the equation we have AtH * AtK = At{H * K). 

The fact that At is a one-parameter subgroup when the derivation is au¬ 
tonomous is again a consequence of the uniqueness of At (see m)- 

The last statement is checked by differentiating exp(/g Dsds)H for H S 

C°°(M)[H]. □ 

Remark 2.6. The solution At of the equation (U) starts at order 0 in by 
where pt is the flow of —Dtfi. In general, is NOT the flow of Dt^. 

Definition 2.7. Let I be an interval m R. A one-parameter family of automor¬ 
phisms At = Pt for t G I is called smooth if for all F G 

we have At{F) G C°°{I x 

Remark 2.8. Using the Weinstein tubular neighbourhood, one defines a chart 
W : U C Sympg(M, w) ^ V d 6ymp(M, w) from a neighbourhood U of Id 
in Sympg(M, w) and a neighbourhood V of 0 in ©ymp(M, w). Together with 
Proposition 12.51 one sees that Cl~^(t/) is in bijection with W{U) x t/Der(M, *) 
or equivalently with W{U) -\- 6ymp(M, f2)[[z/]]. A one-parameter family of 
automorphisms At in C1~^(C/) is smooth if the coefficients of its image in 
W{U) + 6ymp(M, are smooth one-parameter families of symplectic 

vector fields. 

Corollary 2.9. If Dt is a smooth one parameter family of derivation, then the 
solution At of Equation w is smooth. 

Given Dt a smooth family of derivations, we say that the solution path At 
of the equation (|4]) is generated by Dt. One has : 

Proposition 2.10 (Computation rules). Let At and A't he smooth paths of 
automorphisms generated by Dt and D[ G Der(M, *). Then, 

1. the path AtA[ is generated by the derivation Dt -|- AtD[Af^, 

2. the path A^^ is generated by the derivation —Af^DtAt, 

3. we have AtD[Af^ = D[F Dpt for a family Ft G C'°°(M)[[i/]]. 

4 . Let D, D' G z/Der(M, *), then exp{D) exp{D') = exp{D -\- D' -\- Dp) for 
some F G C'°°(M)[[i/]]. 

Proof. To prove point 1, it suffices to differentiate the path At A't. Indeed, 

-^AtA'^ = {Dt + AtD'^A^ o AtA'^. 

Point 2 is obtained by applying 1 to the path Id = AtAf^. 

For point 3, we compute AtD't{At)~^ = D't -\- Jg ^AsD't(As)~^ds. Applying 
point 2, we compute ^AsD'f(As)~^ds = [D^, AsD'^{As)~''']. Now, the commu¬ 
tator of two derivations is quasi-inner (by Proposition 12.II) . 

Point 4 is obtained by applying points 1 and 3 to the path exp{tD) exp{tD'). □ 
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3 The group of Hamiltonian automorphisms 

We integrate the Lie algebra qInn(M, *) of quasi-inner derivations to produce 
the group Ham(M, *). 

Consider smooth one-parameter families of derivations of the form 
Dut ■■= ■]* e qInn(M, *). 

By Proposition 12.51 there exists a one-parameter family of automorphisms 
such that -^A^ = DntA^. We say that Af is generated by the time- 
dependent Hamiltonian Ht. 

Definition 3.1. The set o/ Hamiltonian automorphisms is the set 

Ham(M, *) := {A G Aut(M, *) | A = Ai for such Dh^ G qInn(M, *)}. (8) 

The map Cl restricts to a surjection Cl : Ham(M, *) i—Ham(M, w). 

Lemma 3.2. For all A G Ham(M, *), Dq G qInn(M, *) ; ADgA~^ = Dag- 

Proof. The proof is a direct computation. □ 

Theorem 3.3. Let * be a star product on a symplectic manifold (M, w), then 
Ham(M, *) is a normal subgroup o/Auto(Af, *). 

There is an anti-epimorphism Cl : Ham(M, *) —>■ Ham(M, w). 

Proof. Let A, B G Ham(M, *), we show that AB G Ham(M, *). Write A^ and 
B^, the one-parameter families generated by Ht and Gt respectively such that 
A = Ai and B = Bf. Using Proposition I2.1()l and Lemma [3.21 we see that 
A^Bf is generated by the Hamiltonian Kt := Ht + A^Gt. So, AB = Ai B^ 
is in Ham(M, *). 

Let A G Ham(M, *). Since A = A^ for some Dnt G qInn(M, *), then 
A~^ = {A^)~^. Using the computation rules 12.1111 and Lemma [3.21 we know 
that (Af)~^ is generated by —(Af)~^Ht. 

The fact that Ham(M, *) is a normal subgroup of Auto(Af, *) is a conse¬ 
quence of the following identities. Let A G Auto(M, *) and A^ the family of 
Hamiltonian automorphisms generated by Ht G then 

A-i = ADu^AfA-^ = Dah^A? A-K (9) 

We immediately have that the projection Cl is an anti-epimorphism of group. 

□ 

Proposition 3.4. Let * and *' be two equivalent star products on C°°(M)[[i/]]. 
Denote by T : *) *') an equivalence of star prod¬ 

uct. Then the map 

Ct : Ham(M, *) Ham(M, *') ■. A^ TAT-^ (10) 

is an isomorphism of group. 

Proof. Let A^ G Ham(M, *) generated by Ht G then GriAf) = 

TA^T~^ is generated by THt. So, Ct(A^) G Ham(M, *'). The map Gt is 
clearly invertible and it is a morphism of group. □ 
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4 The formal flux morphism 

The goal of this section is to describe Ham(M, *) as the kernel of a morphism 
on Auto(M, *); as in the classical case, where the group of Hamiltonian diffeo- 
morphisms is the kernel of the flux morphism [T]. 

At the level of Lie algebras of derivations. The algebra qInn(M, *) is the 
kernel of the epimorphism 

F :D & Dero(M,=i=) [i{j){D))uj] e 

where we endow with the trivial Lie bracket. 

To produce the formal flux morphism we will integrate the morphism F to 
the group Auto(M, *). For this, we will consider smooth paths in Auto(M, *). 
In the sequel, all the paths considered will be parametrized by t € / := [0,1]. 
All the proofs are similar to the one developped by Banyaga [T], see also [5]. 
Consider {At} a smooth path in Auto(M, *) starting at the identity. Set Dt 
the derivation defined by = DtAt- We set 

Flux*({At}) := [ [i{p{Dt))uj]dt € (11) 

Jo 

We decorate the flux by a * to recall the underlying star product. We say that 
two paths [At] and {A}} are homotopic with fixed endpoints if there exists a 
smooth map A.. : I x I ^ Auto(M, *) : (s,t) i —Ats such that Ato = At and 
Ati = A't for all t, Aqs = Aq and Ais = Ai for all s. 

Proposition 4.1. Flux*({At}) only depends on the homotopy class with fixed 
endpoints of the path {At}. 

Let Ats be a homotopy with fixed endpoints of a path (At) starting at the 
identity. There is two different ways to define a derivation : 

dJts ■— ^ -^ts ^^el Dts ("^Ats) o Atg . 

dt ds 

Lemma 4.2. + [As, As]- 

Proof. Like in the classical case [T], the proof relies on the computations of 
■f^Dts and ^-Dts using point 2 of Proposition I^TTUl □ 

Proof of Proposition EH Consider {Ats} a homotopy of paths with fixed end¬ 
points. Then, for each s, we can compute the flux of the path {Ats}. We show 
that Flux*(Ato) = Flux*(Ati). 

^Flux*(Ats) = J [i{p{-^Dts))uj]dt, 

= J [i{p{-^Dts))i^]dt + J [i{p{[Dts,Dts]))oj]dt. 

= [i{p{Dis))uj - i(j){Dos))uj]. 

Since the homotopy is with fixed endpoints, Dis and Dqs vanishes. It means 
that the Flux*(Ats) does not depend on s. Then Flux*(Ato) = Flux*(Ati). □ 




Define Auto(M, *) to be the set of smooth homotopy classes with fixed end¬ 
points of smooth paths At of automorphisms of the star product starting at the 
identity. The group structure on Auto(M, *) is defined as follows. Let {At} and 
{Bt} e Auto(M, *), we set {At}.{Bt} := {AtBt}. 

Theorem 4.3. The map 

Flux* : A^rto(M, *) ^ : {At} ^ Flux*({At}) (12) 


is a surjective group morphism. 

Proof. By Proposition 14.11 the map Flux* is well defined on Auto(Af, *). 

We prove that Flux* is a group morphism. Let {At} and {Bt} € Auto(M, *) 
generated by Dt and D't respectively. Then the path {AtBt} is generated by the 
path Dt + AtDt{At)~^, by the computation rules 12.1111 Again by Proposition 
12.101 AtDt{At)~^ = D't + Dp^ for some Ft G C°°{M)[[i/]]. Moreover, Dp^ is a 
smooth family in qlnn(M, *). 

Now, we compute the flux. 


Flux*({AtSt}) = / [i{p{Dt + AtD't{At) ^))uj]dt 


[ [i{p{Dt))uj]dt + f [i{p{D'^))uj]dt - 
Jo Jo 

Flux*({AJ)+Flux*({Bt}). 


[i{p{DpJ)uj]dt 


□ 

We can now characterize Hamiltonian automorphisms using the formal flux 
morphism. 

Theorem 4.4. Let A € Auto(Af, *). 

Then A G Ham(M, *) if and only if there exists a smooth path At of auto¬ 
morphisms, with Aq = Id and Ai = A, such that Flux*({At}) = 0. 

Moreover, the path At can be homotoped with fixed endpoints to a path of the 
form A{^ generated by some Ht G C'“(M)[[i^]]. 

Proof. Assume A G Ham(M, *). Then A = A{^ for some smooth family Dpt G 
qlnn(M, *). Then, Flux*({A{^}) = [f(p(D//J)u;]dt = 0, because p(D//J is a 

Hamiltonian vector field. 

Conversely, assume there exists a smooth path {At} of automorphisms con¬ 
necting the identity to A which has vanishing Flux. This means that there exists 
a series F G C°“(M)[[i/]] such that J^[i{p{Dt))uj]dt = [dF"]. We want to prove 
that A G Ham(M, *). 

We first observe that we can assume that i{p{Dt))u}dt = 0. Indeed, con- 
sider the path of automorphisms Ct := AtAj ^ " . Then {Ct} is generated 

by Dt — Dp and i{p{Dt — Dp))uj = 0. Now, since Ham(M, *) is a group, it 
is sufficient to prove the theorem for Ci. 

So, suppose our smooth path {At} satisfies i{p{Dt))ujdt = 0. Define the 
family of derivations D't := — /q D^du. For each t, it generates a one-parameter 
group of automorphisms Qt? such that '■= D'tQl. Remark that, since 
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D'q = D'^=Q, we get Qq = Q{= Id. It implies that Ats '■= Qt^t is a homotopy 
of path with fixed endpoints. We conclude by showing that An = Q^At is 
generated by some series of functions. We compute 

Flux*({Ati}o<t<T) = Flux*({Q(}o<t<r) + Flux*({At}o<t<r) 

= Flux*({(3y}o<s<i) + Flux*({At}o<t<T) 

= f [i{p{D'j,))u}]dt + [ [i{p{Dt))u}]dt = 0 
Jo Jo 

So, if we write Dt the derivation generating the path An, then we have proved 
that i{p{Dt))ujdt = dFT, for all T £ [0,1]. Then, i{p{Dt))u} = d{-^Ft). 
So, Dt is a quasi-iniier derivation, which means that An = Af for the family 
Gt := -^Ft- This finishes the proof. □ 

The above Theorem 14.41 implies that Flux* descends to a morphism on 
Auto(M, *) whose kernel is Ham(M, *), as we have stated in Theorem [TJ 

Theorem 1. There is a short exact sequence of groups 
1 ^ Ham(M, *) Auto(M, *) 4 ^ 

where F{A) := Flux*({At}) for any smooth path in Auto(M, *) joining A to 
the identity and T(M, *) := Flux*(7ri(Auto(M, *))) where 7ri(Auto(Af, *)) is the 
subgroup ofAuto{M,*) consisting of classes of smooth loops of automorphisms. 

Proof. First, let us check the map F is well-defined. Let A £ Auto(M, *) and 
consider At and A[ two smooth paths joining A to Id. Then, the classes {At} 
and {A't} differ from an element in 7ri(Auto(M, *)). Hence, 

Flux*({At}) - Flux*({A[}) G Flux*(7ri(Auto(M,*))). 

Because we quotiented Il\^{M)lfgy{\ by F(M, *), the map F is well defined. 

The map is a morphism because Flux* is a morphism. 

It remains to verify that Ham(M, *) is the kernel of F. Clearly, if A G 
Ham(M, *), then F{A) = 0. Now, suppose F{A) = 0. By definition, when we 
take a smooth path connecting A to Id, we have 

Flux*({At}) G Flux*(7ri(Auto(M, *))). 

Then, one can choose a loop {Bt} £ 7ri(Auto(M, *)) so that 

Flux*({AJ) =Flux*({Bj). 

Now, this means that Flux* vanishes on the path {AtBjf^}. Then, by Theorem 
14.41 above, it means that its extremity A is a Hamiltonian automorphisms. □ 

We give a nice geometric interpretation of the group r(M, *). There is a 
natural way to lift a loop in Sympg(M, w) into a path Bt {not necessarily a 
loop) of automorphisms of the star product. Elements in F(M, *) can be used 
to measure what is needed to close the path Bt into a loop. 
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Consider a loop tpt € SyinpQ(M, w) generated by the smooth time depen¬ 
dent symplectic vector field Xt- Then, consider the unique solution of the 
equation 

= -p-\Xt)B^\ with Sp-I = Id. (13) 

Now, the path Bt is a lift of (pt in the sense that Cl(ilt) = (fit- 

Since pt is a loop, Bi = exp{D) for some D G Dero(M, =i!). Then the 
above path Bt can be closed into the loop exp{—tD)Bt. Because Cl“^(/d) is in 
bijection with the vector space i/Dero(M, *), there is a well-defined isomorphism 

q : {pt} e 7ri(Sympo(M,a;)) i-5> {exp{-tD)Bt} G 7ri(Auto(M, *)). 

The formal flux morphism induces a morphism 

: 7ri(Sympo(M,a;)) ^ Hlp,{M)[[v\] : {pt} ^ Flux*{q{{pt})). 

We call Flux^gj the deformed flux morphism. Its image is F{M, *), because 
the map q is an isomorphism. 

Proposition 4.5. If pt is a loop in SympQ(M, w) generated by Xt, write Bff^ 
the solution of equation m and D G z^Dero(M, *) such that Bi = exp{D), 
then ^ 

Flux2e/({‘/?t}) = / [iiXt)uj]dt - [i{p{D))uj]. (14) 

do 

If* and *' are two equivalent star products, then Flux2gj({(^t}) = Flux* ({(/^t}) 
for all {pt} G 7ri(SympQ(M, w)). 

Proof. By construction q{{pt]) = {exp{—tD)Bt}. Now, we can compute 

F’^nx^efiWt}) = F\ux*{{exp{-tD)Bt}) 

= Flux*({St}) + Flux*({exp(-tl4)}) 

[i{Xt)uj]dt - [i{p{D))uj]. 

Now, let * and *' be two equivalent star products on C'°°(M)[[z/]]. Consider 
T = Id + ■ iC°^iM)[[i/]],*) {C°^{M)[[i/]],*') an equivalence of 

star product. We want to prove 

Flux^e/({V5t}) = Flux2gj({(/Jt}), (15) 

for all {pt} G 7ri(SympQ(M, w)). To do that, we will decorate by a ' all the 
objects consider in the hypothesis but corresponding to the star product We 
will use the bijection p' between derivations of *' and series of symplectic vector 
fields. We denote by (i?^)“^ the path generated by —(p')“^(W)- We set D' the 
derivation of *' such that B[ = exp(Il'). To prove equation (fThll . we will show 
p'(D') = p{D) P Xf for some F G C°°{M)[[v\]. 

First, we check that TBtT~^ = B[exp{D'j^) for some Dk G i/qInn(M, *). 
For this, consider a good cover U on M. On U €U, p~^{Xt)\u = -[Hj^, .]* and 
{p')~^{Xt)\u = p[HY, ■]*', for some G C°°{U)[[u]]. Then we compute 

1 1 °° 

Tp-\Xt)T-^\u = -[iff,.]*' + ),.]*,. (16) 
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Now, the function H defined by H\ij := for all C7 & IA is globally 

defined. So that, we have 


TBtT-^ 


B'tA, 


-B'H 


because the two paths are generated by the same family of derivations. This 
means TBiT~^ = B[ exp(Z3^) for iti = — B[Htdt G ^C°“(M)[[i/]]. 

Now, by definition TBiT~^ = exp(TDT“^). Writing locally on U GU the 
derivation TDT~^, we get p'{TDT~^) = p{D) + Xq- Since, 

{B[)-^ = exp(-T-iOT)expp^), 

by applying the computation rules 12.101 we obtain p'{D') = p{D) + Xq + Xk + 
Xp. for some K G C'°“(M)[[i/]]. The proof is over. □ 

Example 4.6. Consider a symplectic surface (Eg, w) of genus g >2. Then one 
knows 7ri(Sympg(Eg, w)) = {0}, see [Hj. Consequently, for all star product * 
on (Eg, w), we have r(Eg, *) = {0}. The exact sequence of Theorem [T] writes 

1 —>• Ham(Eg, *) —>• Auto(Eg, *) ^ —>• 1. 


Proposition 4.7. The set of de Rham classes arising at order 0 and 1 in v in 
elements ofV{M,*) is at most countable. 

Proof. For our computations, we select a particular star product * on a given 
equivalence class. Let 17 = i/ili + ... G 17^(M)[[z/]] a series of closed 2-forms 

that represents the characteristic class parametrizing *. Up to equivalence, we 
can assume that C'i(.,.) = ^{.,.} and Cf{F,G) := C 2 {F,G) — G 2 {G,F) = 
—D,i{Xf, Xq). 

Let {ipt} be a path of symplectomorphisms generated by Xt G ©ymp(M, w). 
We compute its deformed flux at order 1 in v. For this we consider the path 
Bf^ of automorphisms generated by —p~^{Xt). 

We compute 


Bf\H) = H + iyJ^ p;in,{Xt,x^-.,^))dt + fH. ..) 

So that, Flux^gj({(/?(}) = j^[i{Xt)oj]dt + i'[i{Yi)oj] F v‘^{.. .) for the symplec¬ 
tic vector field Yi = ip^(fli{Xt, X^-i* ))dt. Moreover, we have i{Yi)u! = 
— iPf(i(Xt)fli)dt. Then, we conclude 


Flux^e/({‘/?i}) = / li(Xt)uj]dt - 12 
Jo 


(Pf(i(Xt)fli)dt 


,2^ 


(17) 


So that, the set of the Rham classes arising at order 0 and 1 in of elements 
of r(M, *) is at most countable. □ 

Remark 4.8. The study of tti (SympQ(M, w)) through a lifting procedure to loops 
of automorphisms of star product was also suggested in m- 
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5 Paths of Hamiltonian automorphisms 

Definition 5.1. The Lie algebra joam(M, *) of Ham(M, *) is the set of deriva¬ 
tions D of * such that there exists a smooth path A :] — e, e[—> Auto(M, *) for 
e G K such that At € Ham(M, *) for all t €] — e, e[ and = D, with Lie 

bracket given by the commutator of derivations. 

One checks (joam(M, *), [, ]) is indeed a Lie algebra, using the computation 
rules of Proposition 12.101 

Question 5.2. Is it true that (i 3 am(M, *), .]) = (qInn(M, *), .]) ? 

By construction, the algebra Sja.m{M,*) contains the algebra qInn(M, *). 
When = 0, a derivation is always of the form Dh for H G C°° 

Then, (i5am(M, *), .]) = (qInn(M, *), .]). However when ^ 0, we 

will see the answer is not trivial and depends on the image of Flux^gj. 

The above question 15.21 is equivalent to the following question : 

Question 5.3. Is any smooth path At G Ham(M, *) generated by a time- 
dependent Hamiltonian Ht G C'°“(M)[[z/]] ? 

In the classical case, Banyaga [T] shows that every path in Ham(M, w) is 
generated by a time dependent Hamiltonian Ht G C°°{M). 

Theorem 5.4. Any smooth paths of Hamiltonian automorphisms is generated 
by a Hamiltonian Ht G (7°“ (M) [[:/]] if there is no non constant smooth paths in 
Fluxde/(7ri(Ham(M, w))) C where 7ri(Ham(M, w)) is viewed as a 

subgroup o/7ri(SympQ(M, w)) using the canonical inclusion. 

Remark 5.5. In the above Theorem l5.4l a path in H^j^{M)[[iy]] is smooth if and 
only if its coefficients are smooth paths. 

Proof. Because Ham(M, *) and Fluxde/(7ri(Ham(M, w))) are groups, it is enough 
to consider paths starting at the neutral element. 

Now, consider {At} a path of Hamiltonian automorphisms starting at the 
identity. Then, Cl({Hi}) is a path of Hamiltonian diffeomorphisms which is gen¬ 
erated by some Ft G C°°{M). So, {Af^At} is a path in Cl~^(/d) nHam(M, *). 
Then it suffices to prove the theorem for paths in Cl~^(/d) fl Ham(M, *). 

Consider a smooth path {At := exp(IIt)}tg[op] G C\~^{Id) fl Ham(M, *) 
starting at the identity. Then the images of the partial paths {At}tg[o,s] for 0 < 
s < 1 by Flux* gives a smooth path t i—> [i{p{Dt))uj] in H{j^{M)[[i']]. Because 
At G Ham(M, *), the path t i->- [i{p{Dt))uj] is in Fluxde/(7ri(Ham(M, w))). By 
hypothesis, the path is contant and [i{p{Dt))uj] = [i(p(ilo))w] = 0 for all t, then 
Dt G qInn(M, *). □ 

Example 5.6. Let (Eg,a;) be a closed orientable surface of genus g > 1 
equipped with an area form w. One can show 7ri(Ham(Eg,w)) = 0 for all 
g >1 (see m for an outline of the proof). Let * be a star product on (Eg,a;). 
Then, by Theorem 15.41 every path {At} G Ham(Eg,=i=) is generated by a time- 
dependent Hamiltonian Ht G C'°°(Sg)[[z/]] and then 

(ioam(Eg, *), .]) ^ (qInn(Eg, *), [.,.]). 
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Proposition 5.7. Assume {M,ui) is a closed symplectic manifold equipped with 
a star product *. Let At be a path of Hamiltonian automorphisms, then there 
exists Ht := + vHf € C^{M)[[i/]] such that Af = At mod 0[v'^). 

Proof. In Proposition 14.71 we showed that at order 0 and 1 in v the group 
r(M, *) is at most countable. Since Fluxde/(7ri(Ham(M, w))) C there 

is no non constant smooth path at order 1 in in Flux^/ej (tti (Ham(M, w))). This 
is enough to guarantee that paths of Hamiltonian automorphisms are generated 
by a formal function modulo terms in □ 


6 Computation using Fedosov’s star products 


In this section we give a nice expression of the deformed flux for nice loops 
of symplectomorphisms. In order to make concrete computation we will use a 
Fedosov’s star product. This is not a restriction in view of Proposition 14.51 
Let H G a formal serie of closed 2-forms and V a symplectic 

connection on (M, w) (i.e. a torsion free connection such that Vw = 0). Through 
this section we will denote by =i=n,v the star product obtained via the Fedosov 
construction with respect to H and V. 


Theorem 6.1. Let {(/?(} be a loop of symplectomorphisms generated by the 
symplectic vector field Xt such that <Pt^ = Ll and ipt*X = V for all t. Then, 
the deformed flux of {ft} defined with the star product =i=n,v 


({(pj) = ^ [i{Xt)uj]dt - 




uo 


(18) 


6.1 Fedosov construction of star product 

We recall the Fedosov construction This construction of star product 

is obtained by identifying with the algebra of flat sections of the 

Weyl bundle W endowed with a flat connection. 

The sections of the Weyl bundle are formal series of the form : 

a{x,y,v):= ^ ■ 2/”'■ 

2fc-|-i>0 

The ak,it...ii{x) are, in the indices the components of a symmetric 

tensor on M and 2fc-|-Z is the degree in W. The space of sections of W, denoted 
by FW, has a structure of an algebra defined by the fiberwise product 

{aob){x,y,v) := (^Exp{'^h.^^dyid^j)a{x,y,v)b{x,z,v)^\y=„ 

To describe connections on W, we will consider forms with values in the 
Weyl algebra. Those can be written in local coordinates as 

v’"ak,it...ii,n...jk{x)y'^^ . ..y"‘dx^^ A ... A 

2 fc+;>o 

The ak,it...ii,ji...jflx) are, in the indices ii,... ,ii,ji, ■ ■ ■ ,jk, the components of 
a tensor on M, symmetric in the i’s and antisymmetric in the j’s. The space 
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of such sections, FW <8) A*(M), is endowed with a structure of algebra. For 
a (8> a and 5 0/3, we define (a (g) a) o (5 (g) /3) := a o b ^ a A f3. The space of 
W-valued forms inherits the structure of a graded Lie algebra from the graded 
commutator [s, s'] := s o s' — (—l)®i®s' o s, where s is a form of degree qi and 
s' of degree q 2 ■ 

The connection 9 in W is defined by 

da:=da + ^ [T, a] e TW 0 A^M. 

where T := dx^ with F^^ the Christoffel symbols of a symplectic 

connection V on {M,oj). Of course, the connection d extends to a covariant 
derivative on all FW g) AM using the Leibniz rule : 


9(a g) a) := (da) A a + a g> da. 

The curvature of d is denoted by 9 o 9 and is expressed in terms of the 
curvature R of the symplectic connection V. 

d o da := — [i?, a], 

where R := jiOirR’^i^i'y'^y^dx'^ A dxK 
Define 


6 {a) := dxk Ady^a = --[ujijy^'dx^ ,a], 


and 


6 apq — 


1 


p + q" 


y^i{d^k)apq if p + g > 0 and 5 ^aoo = 0, 


where apq is a g-forms with p y’s and p + q > 0. We then have the Hodge 
decomposition of FW g) AM : 66~^a + 6~^6a = a — ago- 

Now, we recall the construction of a flat connection V on FW of the form 


Va := da — da -I— [r, a], 


where r is a W-valued 1-form and V^a = 0. 

Because, 

V^a = — R + dr — dr + J-[r,rl, a , 
v [ zv j 

one choose r such that 


i? -I- 9r — (5r -I- — [r, r] = D, 
zv 

for a central 2-form D. Which means that Vr = Vi — R + -^[r, r]. Then, for all 
closed central 2-form D, there exists a unique solution r S FW g A^M of degree 
at least 3 of the equation 

r = d~^{R -I- 9r H— r or — D). 

V 


satisfying d = 0. 
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Define FW-d := {a € r>V|Da = 0} the algebra of flat sections and the symbol 
map a : a € TWt> '—5’ ooo G Fedosov showed that the symbol map 

is a bijection on flat sections and that a G TW-p is the unique solution of 

a = ooo + + -[r, a]). 

Let Q be the inverse of cr. Fedosov defined a star product on (M, w) by 

F *Q,v G := a{QF o QG). 

In the sequel we will need some low degree terms of QF for F G C°°(M). 

QF = F + d,Fy^ + + (QF)^^ =: (QF)<3 + {QF)^^ (19) 

where {'ViXp)j = {ViXF)^ijJkj and (QF)-^ denotes the term of degree bigger 
than 3. 

6.2 Exponentiation of derivations 

In this subsection, we write the solution of the equation (U) in the Weyl algebra. 
This is the first step in the proof of Theorem 16.11 We follow the book [ 7 ] . 

We first translate the equation (|3]) in the Weyl algebra. Let Uhe a. good cover 
of M, then for all [/ gU there exists a serie FI^ := ^ C'°“(t7)[[z/]] 

such that Dt\u = D^u. We can then consider the local section QFl^^ of W. 
Because two functions and FI^ differ on 17fl 17' by a constant, we can define 
a global section 

{QHY - HY){x) := {QHY - HY){x) \ixGU. 

Then, to solve the equation (|T|) , we build the unique family At of automorphisms 
of rWxi such that for all s G TWp : 

lAt{s) = l[QHY-HY,At{s)], ( 20 ) 

with initial condition Aq = Id. 

The strategy is the same as in proposition 12.51 

We define the natural pull-back on TW 0 AM by a symplectomorphism (p : 
ipYa{x,y,v) ® a) := a{p{x)Yl}*x)~^y,v)®ip*a 

2k+l>0 

In the paper |S], Gutt and Rawnsley showed that the Lie derivative satisfies the 
following Cartan formula. Let pt be a symplectic isotopy generated by the time 
dependent symplectic vector field Tf*, then 

= pt*{i{^t)'Fi+'Di{Xt)F^ado{'^ijXly^ F^{ViXt)jy'’y^-i{Xt)r)^, (21) 

where 7(V*7ft)jj/'y^ := \{yiXtYtXkjy'^yF 
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Now, we solve the equation (EOD- Consider the symplectic vector field 
Xt := where Dt = Dt ^ + ..). Consider the isotopy ift whose inverse is 

generated by —Xt- Then, if At is a solution of equation (EUl) . using Equation 
(ED, we have 



where 


•Pu' — 


co,,Xly^ + -iX.Xt),yV - *(X*)r, At(.) 


+ ^^t*{QH^-H^,Ati.)], 
i [pt* ((Qift'fo)-' + ^{Xt)r + Ht) ,y^tMt{-) 


( 22 ) 


:= (QBt^o)-"(x) and Ht(x) = ^ - <,)(a;) for x G U; 

r>l 


we recall that denotes the terms of degree bigger than 3 in QH^t). 

Because + i{XHt)x + Ht^ has degree greater or equal than 1, 

the solution of the equation (1221) is obtained by exponentiation. And, 

^ad + ^{Xs)r + Hs) ds^ 



At{-) = (ft* exp 


6.3 The deformed flux in the Fedosov’s construction 

Let {(^j} be a loop of symplectoinorphisms generated by Xt- Let us explain how 
to compute its deformed flux in the Fedosov’s formalism. 

Choose a good cover U of M. Then, on U G U, there exists € C°°{U) 
such that Xt\u = ^ny ■ Next, we solve the equation 

= i [-{QH^ - Hi*),Ay\a)] , 

for all a € TW-d with initial condition Aq^ = Id. By equation (1231) . we have 

Ai = exp (^^ad tps* + i{Xs)r) . (24) 

Then, to compute Fluxjg^({i^t}) have to find a serie Y G i^©ymp(M, w) 
which writes locally as Y\u = Xpu for some G vC°°{U)^v\\ such that 

Ai = exp Q-ad {{QF^ - F^) 

Proof of Provosition \6.1[ We assume that {ipt} preserves V and fl. Recall that 
{<Pt] is generated by Xt and we write locally Xt\u = X^u for G C°°{U)^v\\. 
We consider the automorphism Ai defined in Equation (|2^ . The goal is to prove 
that /p ipt., + i{Xt)r) dt = QF^ - F^ with F^ satisfying dF^ = 

fo 
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We compute V Jq (fit* {{QHY)-^ + i{Xt)r) dt. By assumption, o d = 
d o and ipt^r = r. This imply that ipt* oT) = T) o (ft*- Thus, we have 

-D [ (ft* + i{Xt)r) dt = [ (ft*V {{QHY)'^^ + i{Xt)r) dt 

Jo Jo 

= [ ^t* {-V{QHY)<^ + Vi{Xt)r) dt. 

Jo 

(25) 

Where we use the fact that QH^ is locally a flat section. Remark that the 
section V{QHY)^^ is globally defined. Since (ft preserves r, using m, we have 


(pt*Vi{Xt)rdt 


/o 


= / -‘ft* f i{Xt)Vr + i (^ijXly^ + - i{Jit)r,r 


>0 


j —‘Pt*(j‘{Xt)^ — i{Xt)R -\— 


uj^.Xly^ + ^{V at) jyV,r 


dt 


dt 


We have to compare the above expression with 

- / (ft*V{QH^)<^dt = - [ (ft*v(HY + + UxaOjfv^ ) dt. 


(26) 


^0 ^0 
Remark that the right hand side is globally defined. So, we compute 

VHY =dHY ^5{u:,,Xly0. (27) 

Also, we have 


dicokjX^y^) = S Q(VWt). 2 /” 2 /') • 


(28) 


And, 


d (liX^Xt),yY^ = ^{VlXtYcoiky^^y^dx^ (29) 

Using equations (EH) to (I29I) the equation (|26ll becomes 


(pt*{Vi-iQH^)<^)dt = - 


1 

+ - 
u 


r,u:,,Xly^ + -{vaOjVY 


dt. 


Then, 


vj (ft*iiQH’^)-^+t{Xt)r)dt= [ <ft*{-iiXt)il+iiXt)R-l{VlXt)ky'^y^dxO. 
Jo Jo ^ 

Remark that i{Xt)R - \{XljXt)ky^yHx^ = J{Cxt'S/)ijky^yHx'‘. Since ft pre¬ 
serves the symplectic connection, we get 

V [ ft* + i{Xt)r) dt = - [ f* (z(Xt)fi) dt. 

Jo Jo 
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Consequently, if € C"^(!/)[[:/]] satisfies dF^ = (pfi(Xt)fidtlij, then 
QF^ — F^ = Lpt*{{QHY)-^ + i{Xt)r)dt). It means that : 


F\nx2f iWt}) = j\iiXt)uj]dt ■ 


(Pfi{Xt)Fldt 


uo 


The proof is over. □ 

Example 6.2. Consider the 2-torus {T^,d9i A d02) with usual coordinates 
(01,02)- The group 7ri(Symp(T^, (i0i A dO^)) is known to be generated by the 
rotations {ipt} et {'tpt} along the symplectic vector fields 9^^ and dg^, see [14] , 
Consider Fedosov’s star products of the form with d the flat connection 
and n = v^'Ci.dOi A 002- Then, all the equivalence classes of star product 

are represented. Because the 2-form dOi A d02 and d are preserved by {(fit} and 
{'04}, we can use Theorem 16.II to compute the deformed flux. We obtain 

OO OO 

F\ux2f{{^t}) = 002(1 - E and Flux:-/({0J) = 00i(l - ^ FQ). 

2=1 


Then, F{M,*a,d) =< 002(1 - 00i(l " >z- 

The exact sequence of Theorem [T] writes 


1 ^ Ham(T^, *n,d) —t Auto(T^, *n,d) 


H 




<002,001 >Z 


1 . 


Corollary 6.3. Consider the symplectic manifold (T^,00i A 002). 

Two star products * and *' are equivalent if and only ifF{T^, *) = r(T^, *'). 

We think our results together with the example of symplectic surfaces mo¬ 
tivate a deeper study of the groups F{M, *). In particular, it would be nice to 
generalize the formula (11811 to arbitrary loops in Sympg(M, w). It would imply 
r(M, *) is at most countable at any order in v. That would mean the hypothesis 
in Theorem 15.41 above is always satisfied. 

As a concluding remark we mention that the flux morphism can be defined 
on certain Poisson manifolds [mug. It might be interesting to see how the work 
of this paper extends to star products on Poisson (non symplectic) manifolds. 
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